Let p n be the nth prime, and consider the sequence s n = (2 · 3 · · · p n )
Introduction
In 2001 A. Murthy posted OEIS sequence A062049: the integer part of the geometric mean of the first n primes [8] . The sequence is non-decreasing, unbounded, and begins as follows: 2, 2, 3, 3, 4, 5, 6, 7, 8, 9, 10, 11, 13, 14, 15, 16, 17, 19, 20, 21, 23 . . . Let p n be the nth prime, and let s n denote the geometric mean of the first n primes,
(The product p n # is called the primorial of p n ; see A002110.) For many years, sequence A062049 has been lacking an asymptotic formula; nor did it have any lower or upper bounds for the sequence terms. In 2010 A. Vrba conjectured [5] that p n /s n → e as n → ∞.
This was proved in 2011 by Sándor and Verroken [7] , and revisited in 2013 by Hassani [3] .
In Section 2 we give a new short proof that p n /s n → e and, moreover, we show that
We give explicit lower and upper bounds for the O(1/ log 2 p n ) term.
1
Let π(x) denote the prime counting function and θ(x) denote Chebyshev's θ function:
Proof. Let x ≥ 10 8 . From Dusart [2] we have the inequalities
Combining the above inequalities we get
for all x ≥ 10 8 , as desired.
Theorem 2. If s n = (p n #) 1/n , then p n /s n → e as n → ∞, and for p n ≥ 32059 we have
Proof. Let x ≥ 10 8 . From Axler [1, Corollaries 3.5, 3.6] we have
Therefore,
Combining (2) and (3) with the bound
(Lemma 1), for x ≥ 10 8 we get
But log(p n /s n ) = log p n − θ(p n )/π(p n ), so setting in (4) x = p n > 10 8 we find 1 + 1 log p n + 1.62 log 2 p n < log(p n /s n ) < 1 + 1 log p n + 4.83 log 2 p n .
Exponentiating (5) we prove the theorem for p n > 10 8 . Separately, we verify by computation that (1) is true for 32059 ≤ p n < 10 8 as well.
Remarks.
(i) The convergence p n /s n → e is slow (see Table 1 ). The better approximation
has a relative error well below 1% for p n > 10 6 , even while p n /s n is still far from e.
(ii) One can construct approximations with more 1 terms:
where the coefficients 1, 3, 13, . . . are terms of OEIS sequence A233824: a recurrent sequence in Panaitopol's formula for π(x) [4] . A rigorous proof of such approximations, akin to Theorem 2, would depend on sharper bounds for , and these sharper bounds may in turn depend, e. g., on the truth of the Riemann Hypothesis. (iii) Bounds (1) strengthen the double inequality of Sándor [6] e < p n /s n < p n p n−1 · p π(n)/n n+1
for n ≥ 10.
Acknowledgments
I am grateful to all contributors and editors of the websites OEIS.org and PrimePuzzles.net, particularly to Anton Vrba who conjectured the limit of p n /s n [5] . Thanks also to Christian Axler and Pierre Dusart for proving the π(x) and θ(x) bounds used in the main theorem.
